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DYNAMICS IN ISOCHRONOUS MACHINE OF FFAG TYPE 
 





Machines of FFAG type are considered for the different stages of a neutrino factory: 
ionization cooling, phase rotation and acceleration of the muons. Ionization cooling and phase 
rotation of the muons are performed at low energy. One could match the accelerating field 
frequency with the variation of the revolution frequency if the energy dispersion of the 
injected beam was small. But efficiency requires the acceptance of a large energy spread of 
the injected muons. Therefore a machine isochronous for all energies is an attractive solution. 
Isochronisms can be provided as the result of two effects: a magnetic field variation with 
the distance to the machine centre and a variation of the azimuthal separation between the 
magnets with the distance to the centre [1]. A suitable combination of these effects may give 
the best results in geometry and focusing properties. 
Because of the lifetime constraints, high accelerating gradients are required and one may 
accept crossing betatron resonances because their effects cannot build up much in a limited 




I. Liability of the integration 
 
The integration limit, if not known a priori, is calculated after the integration process and 
not all the available codes are giving a good solution in that case. 
Considering integration with polar coordinates. 
The edges of the magnet may be along a machine radius. The angles with the machine 
radius may be accounted locally with a matrix correction. In those cases, the limits of the 
integration are fixed. 
For the other cases, the test for the intersection of the trajectory with the limits should be 
done at each integration step. 
Code MATHEMATICA 
One may use the general-purpose integration procedure, which is provided: NDSolve. The 
trajectory is calculated beyond the supposed point of intersection with the edge of the magnet. 



















In order to test the accuracy, a comparison is made with a trajectory known a-priori. A 
machine with circular orbits in the magnets has been selected for this purpose. With proper 
initial conditions, the orbit should close. The result is surprising is one considers a few turns. 
The closed orbit trajectory calculated by integration do not close on itself and appears after 
only a few turns. The number of turns before evident default of closure is increased if the 
accuracy required in the procedures is increased, but a limit for this remedy is reached soon. 
Example 
Integration procedure Flatten@Solve             Precision MaxSteps=3000 
Intersection with magnet edges procedure FindRoot with      WorkingPrecision 135, 
 AccuracyGoal 54, MaxIterations 200 
      
 
Fig.1 - ‘Closed orbit’ followed on 8 turns 
 
There are not more suitable routines in the program library. For the details of the study, 
see ref. [2] 
 
The solution is writing calls to specialized routines of libraries like NAGLIB. 
Using the D02 Integration procedure D02EJF (integration of stiffs system of first order of 
D.E. with variable step method and backward difference formulae) with the precision 
requirement TOL = 10-30 , the trajectory closes up at least for several tens of turns: the change 
at each turn of a parameter like dr/dphi, which is specious for a closed orbit, is much more 
gaussian. Therefore the error is only slowly increasing. 
With this method, the results obtained on about 10 turns are perfectly liable.  
Results obtained with D02EJF integration are presented for the following machine 
parameters: 
Number of sectors: 10, Number of turns 6.25, Constant field 0.5 T, Variation of the 
azimuth interval between sectors according to isochronisms. 
ω = 20 106, Wkin = 0.9 109 
Some output figures are given thereafter. Programs and exec files are in Ref. [3] 
 
 




Fig.3 - Comparison of the orbit for dr/dphi0 = 0.9, 6 turns with the closed orbit 
 
 
Fig. 4 -  Closed orbit compared with the orbit for the same initial 
parameters, except the momentum: p/p0 = 0.875, 6 turns 
  
We have identified a source of error that becomes critical, when integration is used to 
decide on the orbit stability. In many cases on ignores a priori the integration limits. In 
particular, it is the case for spiral-slanted edges of the magnets, which may be used to increase 
the vertical focusing. 
 
II. Effects of the end-fields of the sectors 
 
The effect of a magnet is often calculated from an elementary representation with edges 
perpendicular to the main orbit. The model of the calculation is valid also for trajectories 
other than the main orbit. However if the edges are not perpendicular to the main orbit, a 
correction is necessary for these other trajectories. This correction is important because it 
deals with a part of the magnetic field effect, which may change drastically the vertical 
focusing. The basis is here recalled to avoid misunderstanding. 
 
Horizontal plane projected motion: 
For the motion parallel to the symmetry plane, the more important correction concerns the 
path lengths in the magnetic field that are different for the elementary model and the real 
magnet. 
Considering the real intersection of the trajectories with the edges of the magnet in solving 
the differential equations makes the correction purposeless for the horizontal motion. 
 
Vertical motion: 
No correction is required if the field is known in all its components. 
 
However, the variation of the fields in 3D at the edges of the magnet may be unknown. 
In that case, a simple correction cares for its first order effect: One may suppose a simple 
vertical homogeneous field in the magnet but in the vicinity of the edge, the field is vertical 
only at points in the symmetry plane, otherwise it has a component perpendicular to the edge. 
Consider a particle arriving perpendicular to the edge. The effect of the vertical component of 
B turns the particle in the horizontal plane. The existence of the field outside the magnet 
compensates the diminution of the field inside near the edge, so we neglect the effect. The 
horizontal component Bh of the field is co-linear with vh and has no effect. But if the 
trajectory arrives with an angle with the edge, vh/\Bh is not zero and one should at least have a 
correction term for it (see Dynamics and End Fields.nb). 
For the simple example of an isochronisms obtained by varying the azimuthal 
distance between the sector magnets with the machine radius and a constant field, the 
magnet edges are focusing vertically up to a given radius and defocusing beyond. 
Figure 5 represents a sector magnet between 2 half straight sections. The elementary 
reference magnet is shaded. The tangents at the magnet edge represent the real 
magnet (in red). The element a21 of the impulse matrix for the approximation of the 
vertical focusing has the familiar formulation: 
-Tan(umax-ϕ) / ρ 
One should remark that neither the real magnet (in red) nor the elementary reference 
magnet have their edges passing by the machine center. 
 
Fig.5 - Schematic example of the isochronous magnet with constant B and 
azimuthal separation of the sectors adapted for isochronisms 
 
A closed orbit is shown with its circular part in the magnetic field. The effect of the end-
fields is vertical focusing for orbits up to point L (r < rL, ϕ < umax), defocusing beyond. 
The distance of the center of the machine to the center of curvature is given in [1] by Eq 
(9): 
OC [ρ] = (π/(N Sin (umax)) ( (c/ω) ( (E0/c/B ρ)2 +1 )-1/2 - ρ ) 
The parametric coordinates of point M on the magnet edge are: 
xb  =  OC+ρ Cos(umax) 
yb  =  ρ Sin(umax) 
By derivation with ρ, one obtains the expression of the angle of the tangent at the edge 
with the x-axis: 
Tan-1 (ϕ) = Tan-1 (umax) + (π/(N Sin(umax)) ) ( (c/ω/√(a2+ρ2) – 
       – 1 – (c/ω) ρ2 / √(a2+ρ2)3 ) /Sin(umax) 
Where a = E0/c/B 
At point L, 
ϕ = umax, ρ = √ ( (a2 c /ω)2/3 – a2 ) 
A more detailed discussion can be found in Ref.[4]. 
 
 
IV. 3D Integration of the motion 
With a liable integration technique and the elementary analysis of the end field’s effects, 
we can extend the 2 D code to a calculation in 3D. 
The field out of the symmetry plane is derived from the field in the plane. 




IV.1  Field extension in 3D 
In many cases, the azimuthal extension of the sector magnets is known in polar angle. The 
upper limit for the integration of the dynamics in the magnet is therefore fixed. For these 
reasons, cylindrical coordinates reference is a good choice. From Taylor developments of the 
magnetic field components and Laplace equations, the field components Br, Bu, Bz can be 
extrapolated from the variation of the field B in the symmetry plane. 
For easy writing, we replace ϕ by u 
 
Br = z ∂B/∂r  -z3/6 ( ∂3B/∂u2∂r /r2 - 2 ∂2B/∂u2 /r3 - ∂B/∂r /r2 +  ∂2B/∂r2 /r  + ∂3B/∂r3 ) 
 
Bu = z ∂B/∂u   -z3/6 (∂3B/∂u3 /r3   + ∂3B/∂u∂r2 /r + ∂2B/∂u∂r /r2 ) 
 
Bz = B - z
2/2 (∂2B/∂u2 /r2 + ∂B/∂r /r + ∂2B/∂r2 ) + z4/4 (∂4B/∂u4 /r4 +2 ∂4B/∂u2∂r2 /r2 + 
∂4B/∂r4 – 2 ∂3B/∂u2∂r /r3 + 2 ∂3B/∂r3 /r – 6 ∂2B/∂u2 /r4 - ∂2B/∂r2 /r + ∂B/∂r /r3 ) 
 
 
IV.1 Solutions of the equations in 3D 
The strong focusing effect of the magnet edge is shown with the simple example of a 
machine with constant field, but azimuthal distance between the sectors adapted for 
isochronisms. 
In this example, the vertical focusing is only provided by edge effects because all field 




Fig.6 – z-motion as function of the polar angle for a machine with constant B and 





In the machines so far considered, the variation of the inter-sector distance with r is 
coupled to the variation of the magnetic field with r (and to a less degree in azimuth) in order 
to reach isochronisms. As this can be achieved in many ways, other specific characteristics of 
the optics can be required.  
The numerical integration of the trajectories has been examined in detail with care for the 
precision. The numerical tool developed is available for further studies, with other 
arrangements than those presented. It would be very interesting to use it for triplet’s periods 
of the type prescribed by KEK for FFAG machines. 
There is a well-known way to further increase the vertical focusing by spiraling slightly 
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